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Abstract
The maximally supersymmetric Freund-Rubin vacua for eleven dimensional supergravity,
namely AdS4 × S7 and AdS7 × S4, admit an analytic continuation to S4 × S7. From the full
harmonic expansions on S4 × S7, it is shown that by analytical continuation to either AdS4, or
to AdS7, the detailed structure of the Kaluza-Klein spectrum can be obtained for both vacua in
a unified manner. The results are shown to be related by a simple rule which interchanges the
spacetime and internal space representations. We also obtain the linearized field equations for
the singletons and doubletons but they can be gauged away by fixing certain Stuckelberg shift
symmetries inherited from the Kaluza-Klein reduction.
1 Introduction
This paper is dedicated to the memory of Peter Freund. I did not have the opportunity to work
with him but I was greatly influenced by his work on Kaluza-Klein supergravity [1], like many
others. In fact, as put very well in [2], in the beginning of the 80’s, Peter’s paper on Freund-Rubin
compactifications of the eleven dimensional supergravity, and another two papers, one by Witten [3]
and another by Salam and Strathdee [4], started a renaissance in Kaluza-Klein theories. Nowadays
we take for granted the idea spontaneous compactification, but in the early days of Kaluza-Klein
supergravity, moving from dimensional reduction to spontaneous compactification by addressing
the underlying dynamics, as highlighted in the title of the Freund-Rubin paper as “the dynamics of
dimensional reduction”, and the fact that it works so naturally to give four dimensional spacetime,
was a very impactful development. The Freund-Rubin paper not only emphasized this point but it
also elevated greatly the stakes for the eleven dimensional supergravity, which has proven to be so
important for what has become M-theory since the mid 90’s.
In this note, it is fitting to revisit the maximally symmetric Freund-Rubin compactifications
of 11D supergravity, namely AdS4/7 × S7/4 with 4-form flux turned on. Firstly, we would like to
find out if the resulting Kaluza-Klein spectrum of states can be described in a unified manner.
Second, we aim at probing the question of whether singletons and doubleton field equations can be
identified in the bulk. We will see that a unified treatment of the KK spectra is indeed possible, by
exploiting the fact that both of the maximally supersymmetric Freud-Rubin vacua admit analytic
continuation to S4 × S7. As a result, we will see that the detailed supermultiplet structure of the
spectrum, as well as the 11D origin of the fluctuations emerges from a simple rule. So far, these
spectra have been obtained by separate computations [5–10].
It has been observed for the S7 compactification in [6, 7], and S4 compactification in [10],
that the group theoretical structure of the KK spectrum suggests the presence of singletons and
doubletons. In [8], it was argued that these states vanish identically, while in [6, 7] they appeared
as nonpropagating modes, as the saturated propagator has vanishing residue for the associated
poles. Examining the issue of whether they can arise as boundary states, we find the linearized
field equations for the singletons in AdS4 and doubletons in AdS7, but we also find that there
are certain Stuckelberg shift symmetries inherited from the Kaluza-Klein reduction which can be
used to gauge them away. Section 5 is devoted to these issues, which are further discussed in the
conclusions.
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2 Preliminaries
The Freund-Rubin compactifying solutions of 11D supergravity on AdS4/7 × S7/4 can be given in
a unified fashion such that the only nonvanishing fields are
R¯µνρσ = −4ǫm2(g¯µρg¯νσ − g¯µσ g¯νρ) ,
R¯αβγδ = ǫm
2(g¯αγ g¯βδ − g¯αδ g¯βγ) ,
F¯µνρσ = 3mεµνρσ , (1)
where m is an arbitrary constant, the Levi-Civita tensor εµνρσ is evaluated in the background, and
the following index notation is used
ǫ = +1 : AdS4 × S7 , µ = 0, 1, 2, 3 , α = 1, 2, ..., 7 ,
ǫ = −1 : AdS7 × S4 , α = 0, 1, ..., 6 , µ = 1, 2, 3, 4 , (2)
and accordingly, εµνρσ ε
µνρσ = −4! ǫ. We parametrize the linearized fluctuations around a back-
ground as
gMN = g¯MN + hMN , AMNP = A¯MNP + aMNP . (3)
Introducing the notation Φ = (hAB , aCAB), where A is the 11D tangent space index, and coupling
to the source J = (TAB , JCAB), the action quadratic in fluctuations can be written as
I(2) =
∫
d11x
(
−1
2
ΦOΦ+ JΦ
)
, (4)
where O is the wave operator. Since the action is invariant under the background gauge transfor-
mations
δhMN = ∇MξN +∇NξM , δaMNP = ξLF¯LMNP + 3∇[MΛNP ] . (5)
it follows that the sources must satisfy the constraints (using the normalizations chosen in [7])
∇MTMN + 2
3
F¯NPQRJ
PQR = 0 , ∇MJMNP = 0 . (6)
The following gauge was chosen in [7] (slightly different from the gauge chosen in [6])
∇¯M
(
hMN − 1
2
g¯MN g¯
RShRS
)
= 0 , ∇¯P aPMN = 0 . (7)
Using the gauge condition, the wave operator O can be inverted. Substituting the result into I(2),
and importantly using the source constraints, we obtain the saturated propagator
I(2) =
1
2
∫
d11xJ O−1 J . (8)
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This procedure, in the case of Minkowski4×S2 compactification of 6D Maxwell-Einstein theory was
employed in [11]. In that case, the harmonic expansion on the Minkowski spacetime is the usual
Fourier transform, while here, where we are dealing with AdS spacetimes, harmonic expansions
reduce to those on spheres. After harmonic expansions in the total Euclideanized spacetime, the
physical states are determined from the analysis of the poles in the principle lowest weight, that is
the lowest AdS energy E0 plane, in the expression for the saturated propagator. The nonvanishing
and positive residues describe the physical states. The manner in which the representation function
on spheres and AdS space are related under the analytic continuation was examined in detail in [6].
It was also shown that the eigenvalues of the second order Casimir operators for the isometry group
of the sphere and AdS space are related by the simple rule where one identifies the leading lowest
label with an opposite sign. This simple rule facilitates the physical interpretation of the poles in
the lowest weight plane [6, 7].
Turning to the Freund-Rubin compactifications of 11D supergravity, both of the maximally
supersymmetric vacua can be treated simultaneously by analytically continuing the equations to
S4 × S7. In this “democratic ” approach, starting from the universal result on the product of the
spheres, one can analytically continue either S4 to AdS4, or with equal ease S
7 to AdS7, thereby
obtaining not only the group theoretical content of the full spectrum of physical states but also the
full information about how they are formed out of the 11D supergravity fields.
3 Analytic continuation and harmonic expansions on S4 × S7
Analytic continuation from AdS4 × S7 to S4 × S7 was described in [6, 7]. Here we shall formulate
it in a way that enables us to analytically continue also AdS7 × S4 to S4 × S7 such that all the
harmonic analysis performed on S4×S7 in [6,7] are exactly the same as before. With this strategy
in mind, we consider the metric for AdSd+2
ds2 = m2(− cosh2 ρdt2 + dρ2 + sinh2 ρ dΩd) , (9)
where dΩd is the metric on unit radius d-sphere. The Euclideanization rule appropriate for our
purposes here is to send
ρ 7→ iρ , (10)
which gives
ds2 7→ −m2(cos2 ρdt2 + dρ2 + sin2 ρ dΩd) = −ds2(E) , (11)
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which is locally the metric of the (d + 2)-sphere with negative-definite signature. Therefore, in
evaluating the linearized field equations around the Euclideanized vacuum solution, we need to
send g¯AdS → −g¯sphere and R¯iemAdS → −R¯iemsphere. In this way, the analytical continuation that
enables us to treat both cases simultaneously takes the form
g¯µν → −ǫ g¯S4µν , g¯αβ → ǫ g¯S
7
αβ . (12)
In the linearized field equations, there will be ǫ dependence coming from the Freund-Rubin solution.
However, with the analytic continuation prescription described above, the ǫ factors work out in
such a way that the linearized field equations take the same form as those which have already been
analyzed for the AdS4 × S7 vacuum, with the harmonic expansions on S4 × S7 fully performed.
The treatment of the Levi-Civita symbols requires some care but the key point is that one can take
over the results of [6,7] and either continue them back to AdS4×S7 as was done in [7], or continue
back to AdS7 × S4 readily.
Next, we proceed with the harmonic expansions on S4 × S7 = G/H with G = SO(5) × SO(8)
and H = SO(4)× SO(7). According to the framework described in [4], and applied to the case at
hand in [7], one expands the fluctuations with a given H-content in terms of all G-representation
functions that contain the H-representation. The highest weight labelling of the representations is
more convenient than the Dynkin labels for this purpose. Using the notation of [7], let the highest
weight of an H-representation be
H : (a1 a2)(b1 b2 b3); a1 ≥ a2 , b1 ≥ b2 ≥ b3 , (13)
All G-representations that contain this H-representations have the with highest weight
G : (nn1)(ℓ ℓ1 ℓ2 ℓ3); n ≥ n1 , ℓ ≥ ℓ1 ≥ ℓ2 ≥ |ℓ3| , (14)
subject to the conditions
n ≥ a1 ≥ n1 ≥ |a2| , ℓ ≥ b1 ≥ ℓ1 ≥ b2 ≥ ℓ2 ≥ b3 ≥ |ℓ3| . (15)
Using these embedding conditions a field φ(x, y) with a fixed SO(4)×SO(7) representation (a1, a2)(b1, b2, b3)
can be expanded in terms of the representation functions of SO(5)× SO(8) as follows:
φ(a1a2)(b1b2b3)(x, y) = vol.(S
4 × S7)
∑√dnn1dℓℓ1ℓ2ℓ3
da1a2db1b2b3
D
(nn1)
(a1a2),p
(L−1x )D
(ℓℓ1ℓ2ℓ3)
(b1b2b3),q
(L−1y )φ
(nn2)(ℓℓ1ℓ2ℓ3)
pq ,
(16)
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where the summation ranges are as given in (13) and (14), the d’s are the dimensions of the
relevant representations, Lx and Ly are the coset representative elements, D
(nn1)
(a1a2),p
(L−1x ) is the
(nn1) representation of L
−1
x , with rows labelled by (a1a2) and columns by p = 1, 2, ..., dnn1 . The
representation matrices(functions) of L−1y are to be interpreted similarly, and φ
(nn1)(ℓℓ1ℓ2ℓ3)
pq are
x and y independent expansion coefficients. In the computation of saturated propagator, the
orthogonality relations for the harmonics are needed. For example, on S4 they take the form∫
S4
d4x (det g¯µν)
1/2 D
(n)
(a),p
(
L−1x
)
D
(n′)
(a),p′
(
L−1x
)
= Vol.(S4)
d(a)
d(n)
δpp′δ
(n)(n′) , (17)
where (a) denotes the row label for the H-representations, e.g. µ, (µν), etc, and (n) is shorthand
for (nn1). Summation over (a) is understood. Similar formula holds on S
7.
In these computations repeated use of the following relations are made
L−1x = −4m2
(
C2[SO(5)] − C2[SO(4)]
)
L−1x , (18)
∇µD(nn2)(a1a2),p(L
−1
x ) = −2m < p|Qµ|a1a2 > D(nn2)(a1a2),p(L
−1
x ) , (19)
where Qµ =Mµ5, µ = 1, ..., 4 are the SO(5)/SO(4) coset generators. Similar formula hold for the
SO(8)/SO(7) coset. The matrix elements < p|Qµ|a1a2 >, indeed all matrix elements of SO(N)
for any N , can be found in [12, 13], where they are given in Gelfand-Zeitlin (GZ) basis. Thus,
one needs to find the relation between these basis elements and the tensorial one. Many of these
relations can be found in [7].
If one is only interested in determining the KK spectrum of the theory, it is worth noting that
there are shortcuts for doing so. In that context, the kind of data provided in Table 1 is very
powerful. Indeed, following the approach of [14], in the AdS4 × S7 compactification here, one
can start with (n2)(ℓ000) state that describes the graviton tower, and simply compute the tensor
product with the supercharge representation (12 ,
1
2)(
1
2 ,
1
2 ,
1
2 ,±12), repeatedly. Comparing with the
available representations listed in Table 1, one can deduce the content of Fig 1. The representations
that are left over from Table 1 can then be interpreted as being non-propagating. This method
works well especially if there is high degree of supersymmetry, and one “pryamid” of states. For less
amount of supersymmetry, one would have to determine the top member of more than one pyramid
of states [14, 15], and repeat the procedure until all supermultiplets are accounted for. However,
the details of exactly how the 11D fluctuations organize themselves to produce the physical states,
and the analysis of possible boundary states may not be available in this approach.
6
4 The spectrum on AdS4 × S7 and AdS7 × S4
With full harmonic expansions on S4×S7, the problem of finding the saturated propagator reduces
to an algebraic one. The following notation is introduced for the fluctuations [6, 7]
hµν = Hµν + g¯µν M , g¯
µνHµν = 0 , hµα = Kµα ,
hαβ = Lαβ + g¯αβ N , g¯
αβLαβ = 0 ,
aµνρ = εµνρσW
σ , a±µνα =
1
2
(aµνα ± i
2
εµν
ρσ aρσα) ≡ X±µνα ,
aµαβ = Yµαβ , aαβγ = Zαβγ . (20)
The full harmonic expansions on S4 × S7 for the bosonic sector give the result [7]1
I(2) =
∑
n,ℓ
{
|T (n2)(ℓ000)H |2 + |T (n0)(ℓ200)L |2 + 4|J (n1)(ℓ110)Y |2
8 (2n+ ℓ+ 6) (2n− ℓ)
+
2|J (n0)(ℓ111)Z |2
(2n + ℓ+ 9)(2n − ℓ− 3) +
2|J (n0)(ℓ11−1)Z |2
(2n+ ℓ+ 3)(2n − ℓ+ 3)
+
1
2 (2n+ ℓ+ 3) (2n − ℓ− 3)
∣∣∣∣∣
√
n+ 1T
(n1)(ℓ100)
K + 4
√
n+ 2 J
(n1)(ℓ100)
X√
2n+ 3
∣∣∣∣∣
2
+
8
(2n + ℓ+ 9) (2n− ℓ+ 3)
∣∣∣∣∣
√
n+ 2T
(n1)(ℓ100)
K − 4
√
n+ 1J
(n1)(ℓ100)
X√
2n+ 3
∣∣∣∣∣
2
+I
(2)
scalars + I
(2)
nonpropagating
}
. (21)
The last two terms will be discussed further below. Using this formula, we can continue to either
AdS4 × S7 or AdS7 × S4. In the first case, we set n = −E0, and examine the pole in the E0-plane.
In the second case, we set ℓ = −E0, and look for the poles in the E0-plane, with E0 now denoting
the lowest energy in AdS7.
In the first three terms above, one of the poles in the n-plane gives E0 = 3 +
ℓ
2 . They describe
1We are being cavalier about the overall signs in the individual terms here, with the understand that the sign
of the residues at the poles, whether in the n-plane, or the ℓ-plane are always positive, upon properly taking into
accounts the rules of the analytic continuations involved.
7
towers of physical states with the following SO(3, 2) × SO(8) representation content
AdS4 × S7 :


Hµν : (E0, 2)(ℓ000) , E0 =
ℓ
2 + 3 , ℓ ≥ 0
Yµαβ : (E0, 1)(ℓ110) , E0 =
ℓ
2 + 3 , ℓ ≥ 1
Lαβ : (E0, 0)(ℓ200) , E0 =
ℓ
2 + 3 , ℓ ≥ 2 .
(22)
The second poles are related to the pole discussed above by the replacement E0 → (3−E0), which
describe the conjugate representations. We see that Hµν contains the irrep (3, 2)(0000) which is
the massless graviton, as its energy E0 = 3 saturates the unitarity bound E0 = s+ 1 for s = 2.
From the same saturated propagator (21), it also easy to read of the spectrum in AdS7 × S4.
To do so, we simply look for the poles in the ℓ-plane. Those are at ℓ = 2n and ℓ = −2n− 6, again
related to each other by the rule ℓ→ −6− ℓ. Next, we identify ℓ = −E0, where E0 now represents
the lowest energy in AdS7. Thus, the tower of physical states in this sector are given by
AdS7 × S4 :


Lαβ : (E0, 2, 0, 0)(n0) , E0 = 2n+ 6 , n ≥ 0
Yµαβ : (E0, 1, 1, 0)(n1) , E0 = 2n+ 6 , n ≥ 1
Hµν : (E0, 0, 0, 0)(n2) , E0 = 2n+ 6 , n ≥ 2 .
(23)
Now it is the field Lαβ at the bottom floor of the tower with n = 0 that describes the massless
graviton in AdS7 as it has the lowest energy E0 = 6 that saturates the unitarity bound for the
unitary discrete representation of SO(6, 2), as E0 = ℓ1+2 with ℓ1 = 2, while Hµν describes a tower
of massive scalars.
Turning to the (n)(ℓ, 1, 1,±1) and (n0)(ℓ100) representations, in order to clarify how the poles
in the n-plane fit into OSp(8|4) multiplets, we relabel ℓ→ ℓ− 1 for the first terms, and ℓ→ ℓ+ 1
in the second terms in the saturated propagator in this sector. Thus one finds the following towers
of physical states
AdS4 × S7 :


Zαβγ : (E
±
0 , 0)(ℓ ± 1, 0, 0, 0) , E±0 = ℓ2 + 3∓ 1 ,(
Kµα,X
±
µνα
)
: (E±0 , 1)(ℓ± 1, 1, 0, 0) , E±0 = ℓ2 + 3∓ 1 ,
(24)
where ℓ ≥ 0 for the upper sign tower, with ℓ = 0 states being the massless scalars in the 35v-plet
and massless vectors in the 28-plet of SO(8).
In a similar fashion, analytically continuing to AdS7 instead, this time letting n → n + 1 for
the first terms, and n→ n− 1 in the second terms discussed above, we easily obtain the following
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spectrum of states
AdS7 × S4 :


Zαβγ : (E
±
0 , 1, 1,±1)(n ± 1, 0) , E±0 = 2n+ 6∓ 1 ,(
Kµα,X
±
µνα
)
: (E±0 , 1, 0, 0)(n ± 1, 1) , E±0 = 2n+ 6∓ 1 ,
(25)
where n ≥ 0 for the upper sign tower, with n = 0 states being the massless 3-form fields in the
5-plet, and massless vectors in the 10-plet of SO(5), while n ≥ 2 for the lower sign towers consisting
of massive 3-form fields and vectors only. In the first tower, the case of n = −1 is special. It will
be analyzed in more detail in the next section, where we will see that it describes a doubleton.
The case of massless 3-form fields also deserves a further comment. In this case, the harmonically
expended field equation becomes (ℓ+ 5)(ℓ − 5)Z(ℓ,1,1,−1)(00) = 0. As shown in [16, 17], this means
that the field equation for this mode factorizes as(
δα
′β′γ′
αβγ +
1
12
εαβγ
α′β′γ′δ′∇δ′
)(
δα
′′β′′γ′′
α′β′γ′ −
1
48
εα′β′γ′
α′′β′′γ′′δ′′∇δ′′
)
ZIα′′β′′γ′′(y) = 0 , (26)
where I = 1, ..., 5 is the SO(5) vector index. This can be checked by expanding ZIαβγ(y) =∑
Z
I,(ℓ11−1)
p Dαβγ,p(L
−1
y ) (we ignore the normalization factors here), and using the relation
∇[δD(ℓ11−1)αβγ],p = −
1
24
(ℓ+ 3) εαβγδ
α′β′γ′D
(ℓ11−1)
α′β′γ′,p . (27)
Recalling the analytical continuation by which E0 = −ℓ, we see that the first factor in (26) gives
the lowest energy E0 = 5 appropriate for the massless 3-form field, as E0 = ℓ1 + 4 with ℓ1 = 1.
Next we turn to the scalar fields arising in the sector where the fields carry the (n0)(ℓ000)
representation. This is the most complicated sector as the linearized equatiosn mix the fields
(M,N, ∂W, ∂∂K, ∂∂H, ∂∂L). The last two can be eliminated in terms of the remaining ones by
means of the gauge conditions. The resulting four coupled linearized equations were analyzed in [7]
where it is found that the residues at two of the resulting poles in the n-plane in the saturated
propagator vanish, while the other two poles give physical states. To see how these states fit into
the supermultiplets, in this case the shifts ℓ→ ℓ± 2 are appropriate, and we find the towers
AdS4 × S7 : (M,N, ∂W, ∂∂K) : (E±0 , 0)(ℓ± 2, 0, 0, 0) , E±0 =
ℓ
2
+ 3∓ 2 . (28)
For ℓ = 0 the first tower gives the massless scalars in the 35-plet of SO(8). At ℓ = −1, scalars in
8v of SO(8) reside and have been shown to be gauge modes in [7]. The question of whether they
can be part of a supersingleton boundary supermultiplet will be discussed in the next section.
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Analytical continuation from S7 to AdS7 instead, we find that two of the poles give vanishing
residue, and the remaining two, upon letting n→ n+2 for one of the poles, and n→ n− 2 for the
other, again for the supermultiplet interpretation, give the towers
AdS7 × S4 : (M,N, ∂W, ∂∂K) : (E±0 , 0, 0, 0)(n ± 2, 0) , E±0 = 2n+ 6∓ 2 , (29)
with the upper sign tower starting at n = 0, and the lower one at n = 2. The first tower at n = 0
contains massless scalars 14-plet of SO(5). At n = −1, the there are scalars in 5-plet of SO(5)
which turn out to describe part of the superdoubleton, as we shall see in the next section.
Finally, we turn to the term I
(2)
unphysical in (21). This term refers to the remaining sectors:
Nonpropagating : (n0)(ℓ100) , (n0)(ℓ110) , (n1)(ℓ000) . (30)
In the case of analytic continuation to AdS4 ×AS7, it was shown in [7] that their contribution to
the saturated propagator in which the source squared term is divided by a quadratic expression in
ℓ, without any n dependence. Thus, not having a pole in the n-plane, these are interpreted as being
nonpropagating. In the case of analytic continuation to AdS4×AS7, we can easily show that their
contribution to the saturated propagator this time has the form of source squared term divided by
a quadratic expression in n, without any ℓ dependence. Thus, not having a pole in the ℓ-plane, we
again see that these states are nonpropagating.
So far we have discussed the bosonic sector of the 11D supergravity. In the fermionic sector, the
analytic continuation from AdS4×S7 to S4×S7 was presented in [7] where the complete spectrum,
bosonic and fermionic, was worked out. The analytic continuation from AdS7 × S4 along the lines
described above can be extended to fermionic sector as well, just as in the case of AdS − 4 × S7
described in detail in [7].
In the fermionic sector the local supersymmetry transformations of the fluctuations is given by
δψA = ∇Aǫ− 1
144
(
ΓA
B1...B4 − 8ΓB1...B3δB4A
)
F¯B1...B4ǫ . (31)
Introducing the source term with a suitable normalization, one finds that local supersymmetry
imposes the constraint [7]
∇AJA − 1
144
(
ΓA
B1...B4 + 8ΓB1...B3δB4A
)
F¯B1...B4 ε = 0 . (32)
In [7] the following gauge is chosen
ΓAψA = 0 . (33)
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Writing Γr = γr × 1, and Γi = γ5 × γi, where the 11D tangent space index is split as A = (r, i),
with r = 0, 1, 2, 3 and i = 4, .., 10, and defining the fluctuations fields
ψr =
(
1 + iγ5√
2
)
(ηr + γrλ) , ψi =
(
1 + iγ5√
2
)
(χi + γiθ) , (34)
where ηr and χi are γ-traceless, and the γ5 dependent prefactors are introduced for convenience.
We shall skip the details of the analytic continuation in this sector, as it is similar to the one
described in [7]. The procedure is exactly as the one explained for the bosonic sector, and the
saturated propagator for this sector provided in [7] yields the result
AdS4 × S7 :


ηr :
(
E±0 ,
3
2
) (
ℓ± 12 , 12 , 12 ,±12
)
, E±0 =
ℓ
2 + 3∓ 12 ,
χi :
(
E±0 ,
1
2
) (
ℓ± 12 , 32 , 12 ,∓12
)
, E±0 =
ℓ
2 + 3∓ 12 ,
(∂η, ∂χ, λ) :
(
E±0 ,
1
2
) (
ℓ± 32 , 12 , 12 ,∓12
)
, E±0 =
ℓ
2 + 3∓ 32 .
(35)
In the first equation, the ℓ = 0 states are the massless gravitini in the 8s of SO(8). In the last
result above, three coupled linearize equations were analyzed in [7], and additional poles in the
saturated propagator were shown to give vanishing residue; hence only the towers displayed above
arise as physical. Note also the shifts of ℓ by ±12 or ±32 , again for the purposes of supermultiplet
interpretation; see Figure 1. Furthermore, ℓ = −1 in the last tower gives fermions which were shown
to be gauge modes in [7]. Whether they can survive as the fermionic partner of a supersingleton
will be examined in the next section.
Using the saturated propagator given in [7] this time to continue analytically to AdS7 × S4
instead, we easily obtain the result
AdS7 × S4 :


χi :
(
E0 ± 12 , 32 , 12 ,∓12
) (
n± 12 , 12
)
, E0 = 2n+ 6∓ 12 ,
ηr :
(
E±0 ,
1
2 ,
1
2 ,±12
) (
n± 12 , 32
)
, E±0 = 2n+ 6∓ 12 ,
(∂η, ∂χ, λ) :
(
E±0 ,
1
2 ,
1
2 ,∓12
) (
n± 32 , 12
)
, E±0 = 2n+ 6∓ 32 .
(36)
In the first equation, the upper sign tower starts at n = 0, which is the massless gravitino. In the
last equation n = −1 is an acceptable representation, and it will be shown in the next section to
have the appropriate field equation for a fermionic partner of a superdoubleton.
In summary, the results for the full spectrum in the AdS4×S7 and AdS7×S4 are given in Fig.
1 and Fig. 2. In [7], it was observed that the following relation holds for a particular combination
of the second order Casimir operator eigenvalues at each level:
2C2[SO(3, 2)] + C2[SO(8)] =
3
2
(ℓ+ 2) (ℓ+ 4) . (37)
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In a similar fashion, here we find that the following relation holds in the case of AdS7×S4 Kaluza-
Klein spectrum organized into levels labeled by n:
2C2[SO(5)] + C2[SO(6, 2)] = 6 (n+ 1) (n+ 2) . (38)
Interestingly, this vanishes for the doubleton multiplet for which n = −1.
5 Search for singletons and doubletons
Fig 1 shows the full spectrum of 11D sugra compactified on AdS4 × S7 compactification, in such
a way that each value of ℓ = 0, 1, 2..., represents an OSp(8|4) multiplet. For ℓ = 0 one has the
massless maximal 4D supergravity multiplet, and the rest are massive supermultiplets. In [6, 7],
while it was shown that the representations for ℓ = −1 are gauge modes, it was observed that
these form the singleton supermultiplet of OSp(8|4)2. The question arises as to whether the gauge
fixing procedure allows their existence as boundary states. We begin by noting that for ℓ = −1
(corresponding to ℓ = 1 before the shift ℓ → ℓ + 2 that defines the universal KK level ℓ), the
scalar ∂∂K can be eliminated by using the gauge condition, and this leads to field equations for the
scalars (M,N, ∂W ), which we recall are the fields hµ
µ, hα
α and εµνρσ (Fµνρσ)
lin.. Using the results
given in [7], one then finds a linear combination of their equations of motion that takes the form3
(henceforth all covariant derivatives are understood to be evaluated in the background):
ℓ = −1 : (AdS4 + 5m2) (6M − 12N −∇µW µ)I = 0 , (39)
where we have re-introduced the parameter m = 1/(2LAdS4), and I = 1, ..., 8 labels the (1, 0, 0, 0)
representation of SO(8). This is the appropriate field equation for a singleton with lowest energy
E0 =
1
2 . After examining the fermionic sector, we shall come back to the question of whether the
boundary states described by this equations survive the fixing of local symmetries.
In the fermionic sector the candidate singleton carries the representation (1, 12)(
1
2 ,
1
2 ,
1
2 ,−12 ). To
better understand the role of supersymmetry gauge fixing, let us not impose the gauge condition
(33) to begin with. Thus, we examine the γ-trace of the 4 + 7 split of the linearized gravitino
equation prior to any gauge fixing. Making use of the fact that for ℓ = 12 we have ∇iχi = 0 [7],
these equations determine ∇rηr in terms of (λ, iθ), and furthermore give(
/∇4 −
12
7
i /∇7 + 2
)
iθ(x, y)− 4
7
(
i /∇7 +
7
2
)
λ(x, y) = 0 , (40)
2The conjecture for its existence in the spectrum, appeared in the first reference in [6].
3For a detailed analysis of the singleton field equations, see [18].
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and the linearized supersymmetry transformations take the form
δλ(x, y) = 14 ( /∇4 − 4)ǫ(x, y) , δiθ(x, y) = 17(i /∇7 + 72)ǫ(x, y) . (41)
Denoting any of the spinors occurring above generically by ψ(x, y), it is understood that its har-
monic expansion on S7 is of the form ψ(x, y) = ψ+(x)D+(L
−1
y ) + ψ−(x)D−(L
−1
y ), where D±(L
−1
y )
denote the SO(8) representation functions in (12 ,
1
2 ,
1
2 ,±12) obeying i /∇7D±(L−1y ) = ∓72D±(L−1y ).
Thus equations (40) and (41) give
( /∇4 − 4)iθ−(x)− 4λ−(x) = 0 , (42)
invariant under4
δiθ−(x) = ǫ−(x) , δλ−(x) =
1
4
(
/∇4 − 4
)
ǫ−(x) , (43)
and ( /∇4 + 8) θ+(x) = 0 with δθ+(x) = 0. Harmonic expansion of θ+(x) on AdS4 gives the lowest
energy E0 =
11
2 , thus describing the physical state at level ℓ = 2 shown in Fig 1. As for θ−(x),
it can be gauged away by using the parameter ǫ−(x), in which case λ−(x) vanishes by its field
equation. However, suppose we fix teh following gauge instead
4λ+ iβθ−(x) = 0 , (44)
where β is a constant parameter. The, the field equation becomes
( /∇4 − 4 + β) θ−(x) = 0 . (45)
This has a solution with AdS lowest energy E0 =
1
2(β − 1), with the unitarity bound imposing
the condition β ≥ 3. Interestingly, the choice β = 3 which saturates the unitarity bound gives the
singleton field equation5. On the other hand, maintaining the gauge condition imposes the condition
involving the same wave operator, namely, ( /∇4−4+β) ǫ−(x) = 0. Since the field equation satisfied
by the residual symmetry parameter ǫ−(x) coincides with that of the fermionic field θ−(x) for any
value of β, it follows that the latter can be removed entirely by using this residual symmetry, again
4Correcting the sign of the last term in the variation of the gravitino given in eq. (3) of [7].
5The gauge condition (33) instead gives
(
/∇4 + 3
)
θ = 0, yielding the lowest energy E0 = 3 [7]. This field equation
arises in the N = 1 supersymmetric Wess-Zumino model in AdS4 [19], where the states (
5
2
, 0)+ (3, 1
2
) + ( 7
2
, 0) form a
massive scalar multiplet. The free action for this case is given in eq. (B1) of [19] with µ = 3
2
. In [20], the value µ = 3
2
was mentioned as accommodating a boundary N = 8 supersingleton. We correct that statement here by noting that
it should have read µ = 1
2
. I thank Yoshiaki Tanii for pointing this out, and also for noting that the supersingletons
for µ = 1
2
is related to the one for µ = − 1
2
by a field redefinition.
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for any value of β. Therefore, even though β = 3 gives the singleton field equation for θ−(x) this
field can nonetheless be removed entirely by fixing the Stuckelberg symmetry. By supersymmetry,
we expect that similar phenomenon must be present for the bosonic singleton equation (39) as well,
namely the KK reduction of the 11D general coordinate and tensor gauge transformations must
provide the required residual Stuckelberg shift symmetries to remove them. The nature of these
symmetries is similar to those described in detail in [15] for 6D supergravity on AdS3 × S3.
Let us now examine the linearized field equations for n = −1 (corresponding to n = 12 after the
relabelling n → n + 32 to define a universal KK level number n) in the AdS7 × S4 compactifica-
tion. Again one can eliminate ∂∂K, and using the results of [7] one finds that a particular linear
combination of the field equations for (M,N, ∂W ) in AdS7 takes the form
n = −1 : (AdS7 + 8m2) (5M + 28N − 6∇µW µ)I = 0 , (46)
wherem = 1/LAdS7 and I = 1, ..., 5 labels the vector representation of SO(5). This equation admits
a solution with lowest energy E0 = 2 which is appropriate for a doubleton scalar. The only other
bosonic state at n = −1 in Fig 2, carries the SO(6, 2)×SO(5) representation (3, 1, 1,−1)(0, 0). Its
field equation is that of Zαβγ expanded on S
4 with the n = −1 mode kept. The result is
n = −1 : (AdS7 + 12m2)Zαβγ + εαβγα′β′γ′δ′ ∇α′ Zβ′γ′δ′ = 0 , (47)
where Zαβγ depends only on the 7D coordinates, and it is a singlet of SO(5). This equation
factorizes as
n = −1 :
(
δα
′β′γ′
αβγ +
1
36
εαβγ
α′β′γ′δ′∇δ′
) (
εα′β′γ′
α′′β′′γ′′δ′′∇δ′′
)
Zα′′β′′γ′′ = 0 , (48)
The general solution is a linear combination of those annihilated by the first or second first order
wave operator, the second one giving the lowest energy E0 = 3 state which is appropriate for the
doubleton representation.
Turning to fermions, at n = −1, making use of the fact that ∇rηr = 0 in this sector, the
γ-trace of the linearized gravitino equation of motion on AdS7×S4, prior to any gauge fixing, now
determines ∇iχi in terms of (θ, iλ), and furthermore gives(
/∇7 +
3
2
i /∇4 +
5
2
)
iλ(y, x) − 7
4
(
i /∇4 − 4
)
θ(y, x) = 0 , (49)
invariant under
δθ(y, x) = 17( /∇7 − 72)ǫ(y, x) , δiλ(y, x) = 14(i /∇4 − 4)ǫ(y, x) . (50)
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Denoting any of the spinors occurring above generically by ψ(y, x), it is understood that its har-
monic expansion on S4 is of the form ψ(y, x) = ψ+(y)D+(L
−1
x ) + ψ−(y)D−(L
−1
x ), where D±(L
−1
x )
are the SO(5) representation of the SO(5)/SO(4) coset representative elements L−1x with the row
labeled by (12 ,±12) representation of SO(4) ⊂ SO(5), and the column by the (12 , 12) representation
of SO(5). They obey i /∇4D± = ∓4D∓. Thus equations (49) and (50) give
( /∇7 − 72)iλ−(y) + 14 θ−(y) = 0 , (51)
invariant under
δiλ−(y) = −2ǫ−(y) , δθ−(y) = 17
(
/∇7 − 72
)
ǫ−(y) , (52)
and ( /∇7 + 172 )λ+(y) = 0 with δλ+(y) = 0. In the latter equation, harmonic expansion of λ+(y) on
AdS7 gives the lowest energy E0 =
23
2 which is the physical state at level n = 2 shown in Fig 2. As
for λ−(y), it can be gauged away by using the parameter ǫ−(x), in which case θ−(y) vanishes by
its field equation. However, if we choose the following gauge condition
7iθ−(y) + β˜λ−(y) = 0 , (53)
the fermionic field equation becomes
(
/∇7 − 72 + 2β˜
)
λ−(y) = 0 , (54)
which gives the lowest energy E0 =
1
2(13 − 4β˜) with the unitarity bound requiring β˜ ≥ 2. Sat-
urating this bound by taking β˜ = 2 gives the fermionic doubleton field equation yielding the
AdS7 lowest energy E0 =
5
2 solution. Maintaining the gauge condition imposes the constraint(
/∇7 − 72 + 2β˜
)
ǫ−(y) = 0.Thus, the picture which emerges here is similar to the one we encoun-
tered for the singletons in AdS4, and we see that the residual symmetries can be used to remove
entirely the field λ(y) for any value of β˜, even though it satisfies the singleton field equation for
β˜ = 2. By supersymmetry, we deduce that the fields which we found to obey the doubleton field
equations above can also be removed by residual Stuckelberg shift symmetries coming from the KK
reduction of the 11D general coordinate and tensor gauge transformations.
6 Conclusions
We have found a simple rule that relates the spectrum of physicals stats in the Freund-Rubin
compactifications of 11D supergravity on AdS4×S7 and AdS7×S4. Thus, from the SO(3, 2)×SO(8)
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lowest weights of the spectrum in the AdS4 × S7 compactification given by
AdS4 × S7 : (ε0 ∓ a, n1)(ℓ± a, ℓ1, ℓ2, ℓ3) , ε0 := ℓ
2
+ 3 , a = 0, 12 , 1,
3
2 , 2 , (55)
we deduce the SO(6, 2)×SO(5) lowest weights in the AdS7×S4 compactification by a remarkably
simply rule that gives
AdS7 × S4 : (ǫ0 ∓ a, ℓ1, ℓ2, ℓ3)(n± a, n1) , ǫ0 := 2n+ 6 , a = 0, 12 , 1, 32 , 2 . (56)
The rule is to interchange the spacetime and internal symmetry labels such that (ε0, ℓ, a) goes to
(n, ǫ0,−a). In Fig 1 and Fig 2 each value of the integer ℓ ≥ 0 in Fig 1, and n ≥ 0 in Fig 2, describe
the states which form supermultiplets of OSp(8|4) and OSp(6, 2|4), respectively (in the latter case
see [25,27] for the AdS lowest energies). The 11D origin of the states, and how they transform to
each other is also displayed in these figures.
Possible uses of the simple spectral relation given above, other than providing the complete
spectrum for one background from the spectrum for another background, and the relations (37)
and (38), remain to be seen. For example, the vanishing of Casimir energies that has been shown
for AdS4 × S7 in [23, 24] and for AdS7 × S4 in [25], may possibly be understood from a different
angle afforded by these relations. One may also investigate whether the spectral relationship of the
kind presented here exists for other compactifications as well [26].
For the purposes of finding the KK spectrum, it is sufficient to perform the full harmonic
expansions and determine the saturated propagator in the space of lowest weights. However, for
some other field theoretic purposes, one may need to construct the 2-point function ∆(x, x′) in the
coordinate space. To do this, one may employ a Sommerfeld-Watson transformation but we shall
not pursue that here. The computation of interactions is also of considerable interest in the context
of consistent KK truncation schemes and holography [27].
In this paper, we have also found the linearized field equations for the singletons and doubletons
in the bulk. However, these turns out to be gauge dependent results, and we have shown that
residual Stuckelberg shift symmetries inherited from the Kaluza-Klein reduction can be used to
remove them. We have displayed these symmetries explicitly for the fermions but they are expected
to arise in a similar fashion in the bosonic sector as well, as described in detail in [15] in the context
of 6D supergravity on AdS3 × S3. These gauge symmetries are not to be confused with the AdS
symmetry that operates on the solution space. In the latter case, as explained in detail in [18,28],
there is a sense in which the singletons can be treated in the framework of a gauge theory in which
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the solution space, after modding out by gauge transformations that fall off rapidly in the direction
of spatial infinity, does support the singletons as boundary states. What we have seen in the
Freund-Rubin compactification of 11D supergravity is that there is an additional local Stuckelberg
symmetry coming from 11D, other than the AdS symmetry of the background, which removes
these states.
The general expectation that singletons have a role to play in AdS/CFT holography [29, 30],
motivates a further study of singletons in the context of KK supergravity. The arguments that
have been given in support of their presence tend to involve BF type bosonic topological field
theories in the bulk. In particular, a detailed study of the AdS5, and a general discussion of the BF
type theories in this context exists (see [30], and references therein). However, the way in which
suitable topological field theories may arise from the flux compactifications and how coupling to
supergravity may occur apparently has not been investigated so far. The fact that the BF type
theories considered involve p-forms of supergravities, and their behaviour on the boundaries plays
an essential role, suggests that the 3-form potential arising in the singleton and doubleton field
equations we have found may involve some global considerations that make them survive on the
boundary, despite the presence of the Stuckelberg shift symmetries. Whether this is the case
remains to be investigated.
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Fields SO(4)× SO(7) content SO(5) × SO(8) content Restrictions
Hµν (20)(000) (n2)(ℓ) , (n)(ℓ) , (n1)(ℓ) n ≥ 2 , ℓ ≥ 0
M (00)(000) (n)(ℓ) n ≥ 0 , ℓ ≥ 0
Kµα (10)(100) (n1)(ℓ1) , (n)(ℓ) , (n1)(ℓ) , (n)(ℓ1) n ≥ 1 ℓ ≥ 1
Lαβ (00)(200) (n)(ℓ2) , (n)(ℓ) , (n)(ℓ1) n ≥ 0 , ℓ ≥ 2
N (00)(000) (n)(ℓ) n ≥ 0 , ℓ ≥ 0
Wµ (10)(000) (n)(ℓ) , (n1)(ℓ)
X±µνα (1,±1)(100) (n1)(ℓ1) , (n1)(ℓ) n ≥ 1 , ℓ ≥ 0
Yµαβ (10)(110) (n1)(ℓ11) , (n1)(ℓ1) , (n)(ℓ1) , (n)(ℓ11) n ≥ 1 , ℓ ≥ 1
Zαβγ (00)(111) (n)(ℓ11,±1) , (n)(ℓ11) n ≥ 0 , ℓ ≥ 1
ηrα
(
3
2 ,
1
2
) (
1
2 ,
1
2 ,
1
2
) (
n, 32
) (
ℓ, 12 ,
1
2 ,±12
)
,
(
n, 12
) (
ℓ, 12 ,
1
2 ± 12
)
n ≥ 32 , ℓ ≥ 12
ηrα˙
(
3
2 ,−12
) (
1
2 ,
1
2 ,
1
2
) (
n, 32
) (
ℓ, 12 ,
1
2 ,±12
)
,
(
n, 12
) (
ℓ, 12 ,
1
2 ± 12
)
n ≥ 32 , ℓ ≥ 12
χiα
(
1
2 ,
1
2
) (
3
2 ,
1
2 ,
1
2
) (
n, 12
) (
ℓ, 32 ,
1
2 ,±12
)
,
(
n, 12
) (
ℓ, 12 ,
1
2 ,±12
)
n ≥ 12 , ℓ ≥ 32
χiα˙
(
1
2 ,−12
) (
3
2 ,
1
2 ,
1
2
) (
n, 12
) (
ℓ, 32 ,
1
2 ,±12
)
,
(
n, 12
) (
ℓ, 12 ,
1
2 ,±12
)
n ≥ 12 , ℓ ≥ 32
λα
(
1
2 ,
1
2
) (
1
2 ,
1
2 ,
1
2
) (
n, 12
) (
ℓ, 12 ,
1
2 ,±12
)
n ≥ 12 , ℓ ≥ 12
λα˙
(
1
2 ,−12
) (
1
2 ,
1
2 ,
1
2
) (
n, 12
) (
ℓ, 12 ,
1
2 ,±12
)
n ≥ 12 , ℓ ≥ 12
Table 1: The highest weights of the G representations occurring in the harmonic expansions of the fields
listed in the first columns which have the H-representation content listed in the second column. In repre-
sentations (nn1)(ℓℓ1ℓ2ℓ3) it is understood that n ≥ n1 and ℓ ≥ ℓ1 ≥ ℓ2 ≥ |ℓ3|. The last entries in each row,
and the second to the last entries for Kµα and Yµα turn out to be unphysical gauge modes. There are six
(n)(ℓ) entries but only four of them are independent. We have chosen to eliminate those in Hµν and Lαβ .
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ε0 :=
ℓ
2 + 3 (ε0, 2)(ℓ000)Hµν :
✻
❄(
ε0 ∓ 12 , 32
) (
ℓ± 12 , 12 , 12 ,±12
)
ηµ :
✁
✁
✁☛
✕ ❆
❆
❆❯
❑
(ε0, 1)(ℓ110)Yµαβ :
✁
✁
✁☛
✕ ❍❍❍❍❍❥
❨
(ε0 ∓ 1, 1)(ℓ ± 1, 1, 0, 0) : (Kµα,Xµνα)
✟✟✟✟✟✙
✯ ❆
❆
❆❯
❑
(ε0 ∓ 32 , 12 )(ℓ± 32 , 12 , 12 ,∓12)⋆(∂η, ∂χ, λ) :
✁
✁
✁
✁
✁☛
✕ ❏
❏
❏
❏
❏❫
❪
(ε0 ∓ 12 , 12)(ℓ± 12 , 32 , 12 ,∓12) : χα
✡
✡
✡
✡
✡✢
✣ ❑❆
❆
❆
❆
❆❯
(ε0 ∓ 2, 0)(ℓ ± 2, 0, 0, 0)⋆
(M,N, ∂W, ∂∂K)
(ε0 ∓ 1, 0)(ℓ ± 1, 1, 1,∓1)
Zαβγ
(ε0, 0)(ℓ, 2, 0, 0)
Lαβ
Figure 1: The spectrum of 11D supergravity on AdS4 × S7. The 11D supergravity fluctuation fields from
which the states come from are defined in (20), and shown in the figure. Here µ = 0, 1, ..., 3 labels the AdS4
spacetime, and α = 1, ..., 7 labels the S7 coordinates. The representations are labelled by the highest weights
(E0, s)(ℓ, ℓ1, ℓ2, ℓ3), where E0 ≥ s and ℓ ≥ ℓ1 ≥ ℓ2 ≥ |ℓ3|). The corresponding Dynkin labels for SO(8) are
(ℓ − ℓ1, ℓ1 − ℓ2, ℓ2 − ℓ3, ℓ2 + ℓ3). Each value of ℓ gives a OSp(8|4) multiplet. ℓ = 0 gives the massless 4D
maximal supergravity multiplet. for which E0 = s+1, while ℓ = −1 gives the singleton multiplet, contained
in the towers marked by ⋆ in the figure. States for ℓ ≥ 1 are massive multiplets with dℓ × (128B + 128F )
degrees of freedom, where dℓ is the dimension of the ℓ’th rank totally symmetric and traceless SO(8) tensor.
One can define m2B and m
2
F for bosons and fermions, respectively, such that they actually vanish for the
AdS4 massless states with s = 0, 1/2, 1, as follows: m
2
B = 4E0(E0 − 3) + 8 and m2F = (2E0 − 3)2.
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ǫ0 := 2n + 6 Lαβ : (ǫ0, 2, 0, 0)(n, 0)
✻
❄(
ǫ0 ∓ 12 , 32 , 12 ,∓12
) (
n± 12 , 12
)
χα :
✁
✁
✁☛
✕ ❆
❆
❆❯
❑
❳❳❳❳❳❳❳❳❳❳③
②
(ǫ0, 1, 1, 0)(n, 1)Yµαβ : (ǫ0 ∓ 1, 1, 0, 0)(n ± 1, 1)
(Kµα,Xµνα)
(ǫ0 ∓ 1, 1, 1,∓1)(n ± 1, 0)⋆
Zαβγ
✁
✁
✁☛
✕ ❆
❆
❆❯
❑✟✟✟✟✟✙
✯❍❍❍❍❍❥
❨ ✑
✑✑✰
✸
(
ǫ0 ∓ 12 , 12 , 12 ,±12
) (
n± 12 , 32
)
ηµ :
(
ǫ0 ∓ 32 , 12 , 12 ,∓12
) (
n± 32 , 12
)⋆
: (∂η, ∂χ, λ)
❆
❆
❆❯
❑✁
✁
✁☛
✕
(ǫ0, 0, 0, 0)(n, 2)
Hµν
(ǫ0 ∓ 2, 0, 0, 0)(n ± 2, 0)⋆
(M,N, ∂W, ∂∂K)
Figure 2: The spectrum of 11D supergravity on AdS7 × S4. The 11D supergravity fluctuation fields from
which the states come from are defined in (20), and shown in the figure. Here α = 0, 1, ..., 6 labels the AdS7
spacetime, and µ = 1, ..., 4 labels the S4 coordinates. The representations are labelled by the highest weights
of SO(6, 2)× SO(5) as (E0, ℓ1, ℓ2, ℓ3)(n, n1), where E0 ≥ ℓ1 ≥ ℓ2 ≥ |ℓ3| and n ≥ n1. The Dynkin labels for
SO(5) are (n− n1, 2n1) and the corresponding Dynkin labels for USp(4) are (2n1, n− n1). Each value of ℓ
gives an OSp(6, 2|4) multiplet. n = 0 gives the 7D maximal supergravity multiplet, for which E0 = ℓ1 + 4,
saturating the unitarity bound. n = −1 gives the doubleton multiplet. These sit in the towers marked by ⋆
in the Figure. States for n ≥ 1 are massive multiplets with dn × (128B + 128F ) degrees of freedom, where
dn is the dimension of n’th rank totally symmetric and traceless SO(5) tensor.
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